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We show that the rj'jZ anomaly can be measured by analysing parity- violating 
effects in the r] — > "ffj, + fi~ decay. In this sense, we find that the longitudinal 
polarization of the outgoing ji + is an appropriate observable to be considered 
in future high-statistics r\ factories. The effect is expected to lie in the range 
! 1(T 5 - 1(T 6 in the Standard Model. 

CO 

O 

00 

The production of r\ mesons with high statistics in future experiments will improve the 
present knowledge of rare rj decay processes, enabling new possible tests of the Standard 
Model predictions. In particular, a sufficiently large number of events would allow the 
■ experimental observation of weak interaction effects, which are in general hardly suppressed 
by the large mass of the W and Z gauge bosons. Parity-violating observables are obvious 
^ ! candidates to get relevant information in this sense. 

Among the different rj decay channels, let us focus our attention on those which involve 
the effective coupling 7777, with 7 either a real or virtual photon. These processes deserve a 
significant theoretical interest, since the 7777 vertex is governed by the axial anomaly, i.e., 
it provides a direct evidence of the presence of quantum corrections breaking the U(1)a 
symmetry of the QCD Lagrangian [|TJ. A consistent description for these decays can be 
obtained within the framework of Chiral Perturbation Theory (ChPT), where the anomaly 
is introduced through the Wess-Zumino-Witten (WZW) functional ||. As it is well known, 
this leads also to successful predictions for processes involving a 7177 coupling, such as the 
decays 7r — > 77 (where the anomaly was actually discovered) or n — > ■ye + e^ [[|. 

Now, if weak interactions are taken into account, the presence of an anomalous effective 
vertex rj'jZ is expected as well. The latter should be correctly described in an analogous way 
as the 7777 one, the quark electromagnetic couplings being replaced by the vector part of the 
corresponding weak neutral currents. We point out that this U Z anomaly" has never been 
measured experimentally. Clearly, in order to get an observable effect, it would be necessary 
to search for an asymmetry that could disentangle the Z contribution. In this letter, we 
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show that the 77 — > channel is an appropriate one for this purpose. Indeed, owing 

to the parity- violating nature of the weak interactions, this process offers the possibility of 
constructing the required asymmetry by looking at the polarization of one of the final muons. 
We perform here an explicit calculation of the longitudinal and transverse polarizations of 
the /x + (the easiest to be measured, in view of the \T capture produced in the polarimeters), 
and give a numerical estimate of the effects that can be expected. 

Our analysis will be carried out within the framework of ChPT. First of all, let us remark 
that the treatment of the 7777 anomaly is not completely equivalent to the 7177 one: there 
is an additional difficulty arising from the so-called 77 — 77' mixing. As it is well known, in 
the isospin limit the 77 mass state is given in general by a mixing between the 1 = states 
r/s and 770, octet and singlet respectively under chiral SU(3). The problem is that, due to 
the presence of the axial anomaly, the singlet state 770 cannot (in principle) be treated as 
an approximate Goldstone boson of the theory, and consequently its interactions are not 
described by ChPT. Still, however, it is possible to take into account the approximation of 
large number of colours. It can be shown that in the large N c limit, the U(1)a symmetry 
of the Lagrangian is restored at the quantum level, and the r/o field is indeed incorporated 
as a ninth Goldstone boson jJJ. In this way, it is possible to get definite predictions for 
the interactions of the 770 by performing a double expansion in momenta and N~ x . This is 
the procedure we will follow in this work. In fact, when looking at the 777Z anomaly, it is 
found that the contribution of the 77s is significantly suppressed, so that the r/ P ar t turns 
out to be the dominant one. This means that the measurement of the observables proposed 
here would represent an important test not only for the Z anomaly itself, but also for the 
viability of the large N c approximation. 

Let us concentrate on the 77 — > 7/i + /i~ decay channel. We begin by writing down the 
squared amplitude for the process, which is represented by the diagram in Fig. 1. One has 
in general 
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where ey> is the photon polarization four-vector, g l v and g l A are the lepton weak neutral 
couplings, and C 7 and C 7 z stand for the anomalous vertices r/77* and r/^Z*, respectively. 
Notice that we have included a form factor f(q 2 ) for the off-shell photon; we will make use 
of a single-pole approximation, taking 



ftf)= il-h) ■ ( 2 ) 




An experimental fit of the slope parameter A 2 has been done some time ago || resulting 
in A = 720 ± 90 MeV, in good agreement with the hypothesis of p meson dominance^. 



1 In fact, the averaged slope A 2 turns out to be slightly smaller (~ 1/wi 2 ) when data from 77* 
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In order to evaluate the anomalous vertices, let us first separate the contributions of the 
t)q and r)s states. As mentioned above, the mass eigenstate 77 is given in general by a mixing 



1 77) = cos(9p|?7 8 ) -sin6>p|r7o) , (3) 

where the angle Op is a parameter that can be estimated either through the diagonalization 
of the 77-7/ mass matrix, or by analysing the phenomenology of 77 and 7/ decays. Both 
procedures are consistent in ChPT at one-loop order, leading to a value of Op of about —20° 
0. In this way, the couplings C 7 and C lZ in flD can be conveniently written as 

C inZ = C® z cos Op - C% sin Op . (4) 

The values of and C^ z , i- e -> those which correspond to the octet state, can be easily 
obtained from the WZW effective Lagrangian. One has 



a (8) = ^a Tr 
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71 J m ' V3 Kj m 



a 



C$ = 5 Tr [QgyXs] = ±= - * 9 (1 - 4 sin 2 W ) , (5) 

°^ Jm cos V 3 1671"/% cos W 

where Q and are defined as diag(Q", Q d , Q s ) and diag(#y, g v , g v ) respectively, and the 

(s) 

parameter f ns is equal to the pion decay constant f n in the chiral limit. Notice that C^ z 
is found to be suppressed by a factor (1 — 4sin 2 6'vy) |5J, as it is demanded by the lack of 
anomalies in the SM: quark and lepton contributions have to amount to the same magnitude 
and opposite sign. 

The evaluation of C^ z is more subtle. As stated above, since 770 is not a Goldstone 
boson in the chiral limit, its couplings are in principle not described by ChPT. However, 
we can take into account the large N c limit in order to get analogous expressions to those 
in (HD- At leading order in iV" 1 , the chiral symmetry is enlarged to U(3), and the WZW 
Lagrangian can be extended to incorporate the rj field. One gets in this way 



V2N c a^ r 9l 2\/2 



Cl 0) = ^ — Tr 



Q 



a 



rjo V <J " Jr/o 

(o) V2 N c eg V% eg . 2 

1 V3 ^ } no cosO w V3 ^Jm cosO w 

where once again the relation f Vo = f n is expected to hold at the lowest order in the chiral 
expansion. In fact, if f V8 is identified with the axial current decay constant corresponding 
to the ?7 8 state, one finds at next to leading order (NLO) in ChPT [[J 

f m ^1-3/., (7) 



processes are also included [||. However, these measurements have been performed at relatively 
large (—q 2 ) values and require an extrapolation. We keep here the result of Ref. ||, which was 
taken directly from the 77 — ► 7// + /x~ decay. 
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and then, from the experimental value of the 77' — > 77 decay, 



(8) 



It can be seen jn| that this value shows a very good agreement with the NLO prediction 
given by ChPT in the U(3) symmetric limit, thus giving important support to the large N c 
approximation. 

It is worth to notice from (|6|) that the (1 — 4 sin 2 9yy) suppression factor is not present in 
the case of C^. In fact, for a mixing angle 6p ~ —20°, we see that the r/ state contribution 
to C^z is enhanced by about a factor 10 with respect to that of the r/g, and largely dominates 
the rj'fZ anomalous coupling. 

We proceed now to identify an observable that could be sensitive to the Z anomaly. As 
stated, in order to disentangle the Z* contribution to the r\ — > 7/j + /i~ amplitude, one is led 
to search for a parity-violating asymmetry. 

We will consider two possible candidates, namely the longitudinal and transverse polar- 
izations of the final fi + resulting from the decay. Let us recall the amplitude in ([!]), and 
perform the sum over spins and helicities for the \i~ and photon final states respectively. 
We find 



s{n ),A 



(/(g 2 )) 2 [2<7 2 ((<? ■ kf - 2(p + ■ k) (p- ■ fc)) + 4mJ(g • kf 
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where s a = (s°,s) stands for the /j + polarization four-vector, and By and Ba correspond 
respectively to the vector and axial vector muon couplings in ([!]) (we have assumed \Ba\ 2 <C 
|.By| 2 ). Considering the mixing in Eq. (15), we have 



B v = eC® ) cos#, 



B 



9 9a 
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(8) 
7 Z 



2cos0 w M§ 
and then, from relations (|5|) and (|6]) 

4a 3 
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Re(B v B* A ) * % ( cos °p ~ sin ^1 

\l 2 D7T \ J w / 

x ((l-4sin 2 ^) cos P - 4^2^(1 - 2 sin 2 W ) sinflj 

\ JVO 



(11) 



where we have kept only leading terms in powers of the weak effective coupling Gp. 
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In order to deal with the phase space, we will define our observables in the r\ rest frameQ. 
Let us choose the z axis along the fi + three-momentum, and take as independent variables 
the n + energy E and the angles 9 and <p determining the direction of the outgoing photon. 
For each differential phase space volume <i$ = dE <El (with dQ = d cos 9 dip), it is possible 
to define the polarization of the fi + along a given direction s by 



P(E,9,(p;s) = 



dr(+)/d$ + cir(-)/d$ 



(12) 



where = T(±s) are the widths to final states with opposite /i + polarization vectors. This 
observable is clearly parity-violating, hence it will be dominated by the 7* — Z* interference 
term in the squared amplitude. From Eq. (^), the numerator in flT2| ) explicitly reads 



dTW - dT(-) Re(B v B* A 



K - 2E) \P\ f(q 2 



dE dVL 



128vr 4 m v (2k° - m n ) (m v - E + \P\ cos 1 



x F(E,cos9;s) , (13) 



where the function T corresponds to the expression in curly brackets in (H), and k° and P 
stand for the photon energy and the fi + three-momentum respectively; in terms of E and 9, 



m v (m v — 2k c 



K/2 - E) 



m n — E + \P\ cos# 



\P\ 



E 2 



m. 



(14) 



The form of T depends on the chosen direction of s. In the longitudinal case (s 
EP/m^\P\), one has 



•F L 



1 mz 



E 



v --k { 



k° 2 +(m r , 



2E) 



E-k 



m 7, n2 
k ( 

m„ 



E-k 



whereas for a transverse s, we find 
•Ft 



8m^ m^k° 



mz 



\m r . 



k°) (E + k c 



sin 9 



(15) 



(16) 



(here, it is understood that s is oriented within the decay plane, hence its direction is 
determined by the angle (p). On the other hand, notice that the normal polarization (this 
means, normal to the decay plane) is expected to be very small in this scenario, since it is 
related to CP- or T-odd effects. 

The denominator in ([12]) is nothing but the differential width for the 77 — > , yfi + fi~ process. 
In this case the contribution of the virtual Z can be safely neglected, and Eq. (|) leads to 



2 Notice that the longitudinal and transverse polarizations of the outgoing particles are in general 
not invariant under Lorentz transformations. In fact, some small dilution of the effect can be 
expected when the rj mesons are produced in flight. 
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dTM + dTH \B V \ 2 (m v -2E)\P\ (f(q 2 )) 2 



dE dtt 128tt 4 [ mri (m v - 2k°) {m v -E+\P\ cos 9)} 2 

with 



x^ o (^,cos0), (17) 



(18) 



By integrating the expression in (fP7|) over the whole phase space, one obtains a prediction 
for the total width that can be compared with the experimental results. Using the value of 
| .By | 2 in (PI), a mixing angle #p ~ —20°, and taking f m and f m as in (0) and ([8]) respectively, 
we find 

T(r] -> 7//+/0 ~ 3.6 x 1(T 7 MeV , (19) 



in good agreement with the value of (3.7±0.6) x 10 7 MeV from the Particle Data Group |TT . 
Now, from (|T^) and flTTp, the asymmetry defined in Eq. ([12]) is given by 

P( Ff ) m . q )- Q 2 MByB* A ) HE, cos 9; s) 

F(E,U,(p,s)- -— . (2UJ 

/(rjl-Bvl ^o(^,cos^) 

As expected, one finds here a strong suppression factor, arising from the ratio between the 
Z* and 7* contributions to the decay amplitude. A rough estimate of the order of magnitude 
for the effect yields \P\ ~ m 2 \B A /B v \ ~ 10~ 5 - 10" 6 . 

Let us finally perform a more detailed numerical analysis, considering the expected /i + 
polarization for a finite region A$ of the phase space. In analogy with (IT 7 !), it is possible 
to define the asymmetry 

r wr(+) _ fdr^ 

F ' M; ^ IW^ ' (21) 

where the integrals extend to the volume A$. We will concentrate on the longitudinal 
fi + polarization, looking at the dependence of both numerator and denominator in ( |2~1~D 
with the variables E and 9 introduced above (the integration in tp is trivial). In general, 
we expect the value of P to be optimized by choosing a convenient region of the phase 
space. By analysing the expression in (0), it can be seen that the differential decay width 
is sharply peaked backwards (i.e., when the photons are produced with opposite direction 
to that of the n + ), with more than 70% of the events in the —1 < cos# < —0.5 region. 
Unfortunately, the numerator in Eq. (^) shows a similar behaviour, and we cannot get a 
significant enhancement in \P\ by introducing a cut in cos#. On the other hand, the /i + 
energy spectrum is shown in Fig. 2. The plotted curves result from the functions in Eqs. (|17D 
(solid) and ( |T3"D (dashed), after integrating over all possible directions of the final photon; 
as anticipated, the difference between the rates to opposite fi + polarizations is about six 
orders of magnitude lower than the total decay width (notice the different scales at both 
sides in Fig. 2). By looking at the figure, it is seen that the value of \P\ can be increased by 
performing a lower cut in the /i + energy range. Indeed, a convenient region is that given by 
140 MeV < E < m v /2, in which we find P ~ -2.4 x 10~ 6 , with 80% of the total number of 
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events. Though it is still possible to obtain higher values of P by moving the cut towards 
the upper limit of E, the growth is found to be slow in comparison with the reduction of 
statistics (e.g. for E > 220 MeV, we get P ~ -3.8 x 1(T 6 , while only 20% of the events 
remain) . 

The transverse fi + polarization is less favoured from the experimental point of view. It 
can be seen from Eq. (|16D that the asymmetry presents in this case an additional m^/m v 
suppression, which is indeed expected from chirality arguments (no transverse polarization 
is obtained in the limit of vanishing muon mass). Moreover, for each event, the observable 
requires the identification of the decay plane, which defines the direction of the polarization 
vector. The values of \P\ obtained in this case fall typically in the range 10~ 6 — 10~ 7 . 

Summarizing, we have analysed here the Z contribution to the decay 77 — > 7yU + /i~. We 
have shown that this channel can be an appropriate one to find an observable effect of 
the anomalous coupling which has never been measured experimentally up to now. 

Our analysis has been performed using ChPT, together with large- iV c considerations. This 
framework allows to deal with the interactions involving not only the rjs but also the t]q 
component of the rj mass eigenstate. In fact, it turns out that the r]o part is that which 
dominates the rj'jZ anomalous vertex. In order to disentangle the contribution of the Z 
boson to the decay amplitude, we have considered the polarization of the final muons, which 
give rise to parity-violating effects. In particular, the longitudinal polarization of the fi + 
is shown to be an adequate candidate for the measurement of the Z anomaly in future 77- 
factory experiments. The value of this observable in the rj rest frame is found to lie in the 
range 10~ 5 — 10~ 6 in the Standard Model. 
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FIG. 1. Diagram for the i] — > 7/x + /i decay. The circle stands for the anomalous vertex. 
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FIG. 2. Differential decay rates for the process r\ — > 7 / u + / u~, in terms of the energy of the final 
The solid line stands for the total width, while the dashed one corresponds to the difference 
between rates to opposite longitudinal fi + polarizations. Notice the different ordinate scales at 
both sides of the figure. 
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